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Abstract 

In this paper, we study the behavior of Ricci flows on compact orbifolds with 
finite singularities. We show that Perelman's pseudolocality theorem also holds on 
orbifold Ricci flow. Using this property, we obtain a weak compactness theorem of 
Ricci flows on orbifolds under some natural technical conditions. This generalizes 
the corresponding theorem on manifolds. As an application, we can use Kahler Ricci 
flow to find new Kahler Einstein metrics on some orbifold Fano surfaces. For example, 
if Y is a cubic surface with only one ordinary double point or Y is an orbifold Fano 
surface with degree 1 and every singularity on it is a rational double point of type 
Afc(l < k < 6), then we can find a KE metric of Y by running Kahler Ricci flow . 
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1 Introduction 



An important object of Ricci flow is to find Einstein metrics on a given manifold. In the 
seminal paper Hamilton showed that staring from any metric with positive Ricci 

curvature on M 3 , the normalized Ricci flow will always converge to an Einstein metric at 
last. In the set of Kahler manifolds, Kahler Ri cci flow was developed as an important tool 
in searc h of KE (Kahler Einstein) metrics. In Cao85l |. based on the fundamental estimate 
of Yau( Yau78| ) . Cao showed the long time existence of Kahler Ricci flow and the conver- 
gence of Kahler Ricci flow when c\(M) < 0. If c±(M) > 0, M is called Fano manifold. In 
this case, situations are much more delicate. M may not have KE metric. So we cannot 
expect the convergence of the Kahler Ricci flow to a KE metric in general. If the existence 
of KE metric is assumed, Chen and Tian showed that Kahler Ricci flow converges expo- 
nentially fast_toward the KE metric if the initial metric has positive bisectional curvature 
(cf. [CTl|, CT2j). Using his famous /i- functional, Perelman developed fundamental esti- 
mates along Kahler Ricci flow on Fano manifolds. He also claimed that the Kahler Ricci 
flow will always converge to the KE metric on any KE manifold. Th is result was general- 
ized to manifolds with Kahler Ricci solitons by Tian and Zhu ( |TZ| ). If the existence of 
KE metric is not assumed, there are a lot of works toward the convergence of Kahler Ricci 
flow after G. Perelman's fundamental estim a tes. F or exam p le, importan t prog re ss can b e 



found in (listed i n alph abetical ord er) ICLHL [CSTJ, [CW1| . |CW2j, [HeJ, |PSS|, jPSSWlfl . 



PSSW2j ]. |Ru| . iRZZj . [Sell ], jjj, |TZs| and references therein. 



Followin g Tian 's ori ginal i dea of a^-invariant in Tian90l ] and Tian91], Chen and the 
author (cf. |CW3 ] and CW4 |) proved that the Kahler Ricci flow converges to a KE metric 
if the a u ^\{M) or a Ut 2(M) is big enough and the flow is tamed. They also showed that 
every 2-dimensional Ka hler R i cci fl ow is tamed. Using the calculation of a Vt \ and a v ^. of 
every Fano surface (cf. ChSj, 



SY 



they showed the convergence of Kahler Ricci flow to 
a KE metric on every Fano surface M satisfying 1 < c\(M) < 6. This gives a flow proof 
of Calabi's conjecture on Fano su rfaces. T he existence of KE metrics on such manifolds 
were originally proved by Tian in Tian90l ] . 



A natural question is: can we generalize these results to Fano orbifolds and use Kahler 
Ricci flow to search the KE metrics on Fano orbifolds? In this paper, we answer this 
question affirmatively We use Kahler Ricci flow as a tool to find new KE metrics on some 
orbifold Fano surfaces. However, before we can use the orbifold Kahler Ricci flow, we 
firstly need some general results of orbifold Ricci flows. So we generalize Perelman's 
Ricci flow t he ory t o orb ifold case. The study of orbifold Ricci flow is pioneered by the 



work [CWL|, [Wu|, [Lul| . 



We have the following theorems. 

Theorem 1. Suppose Y is a Fano orbifold, {(Y, g(t)),0 < t < oo} is a Kahler Ricci 
flow solution tamed by v . Then this flow converges to a KE metric if one of the following 
conditions is satisfied. 
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<*v,2 > ^pr, ol v ,i > ( „_ 1} 



(n+l)a v 2 



The tam edness condition originates from Tian's work in lTian9dl (c.f. eqation (0.3) 
of jTian90l ]). Under Kahler Ricci flow, it's first defined in |cw4 A flow is called tamed 
by constant v if the function 



F(v,x,t)±-log^2\SiX 



is uniformly bounded on Y x [0, oo). Here {S l u «}^= are orthonormal basis of H°{K Y U ), 



N v 
/9=0 

v 



(i) 



i.e., 



f Y K a , St,p)h^? = <W, < a, (3 < N u = dimH°(K-») - 1; h = det 9fj (t). 

Therefore, this theorem gives us a way to search KE metric by Kahler Ricci flow. a v ^ are 
defined as (c.f. Definition 15.31 for more details) 

a Uy k — sup{a| sup / e~ 2a ^ujQ < oo} 

j fe-i 

where & v k is the collection of all functions of the form — log(> \\S V r\\ h v) for some 

/3=0 

orthonormal basis {Sv,p) k p~=§ of a fc-dimensional subspace of H°(Ky U )- Note that a,,^ are 
algebraic invariants which can be calculated explicitly in many cases, the most important 
thing now is to show when the tamedness condition is satisfied. 

Theorem 2. Suppose Y is a Fano surface orbifold, {(Y, g(t)),0 < t < oo} is a Kahler 
Ricci flow solution. Then there is a constant v such that this flow is tamed by v. 



According to these two theorems and the calculations done in Kostaj ] and in SY|, we 
obtain the existence of Kahler Einstein metrics on some orbifold Fano surfaces. 

Corollary 1. Suppose Y is a cubic surface with only one ordinary double point, or Y is a 
degree 1 del Pezzo surface having only Du Val singularities of type for k < 6. Starting 
from any metric uj satisfying [oo] = 2ttci(Y), the Kahler Ricci flow will converge to a KE 
metric onY . In particular, Y admits a KE metric. 



Actually, both Theorem[Tjand Theorem[2] have c orres pondin g versions in [CW3I ] and [CW4l ] 
Their proofs are also similar to the ones in |CW3| and [cwj. 
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Theorem [T] follows from the partial C°-estimated given by the tamedness condition: 



<p(t) - sup<p(t) - - log J2 Ug(t)S£,, 

M 



0=0 



<C, 



where ip{t) is the evolving Kahler potential, < Xo(t) < \i(t) < ■■■ < ^N u (t) = 1 are 
N u + 1 positive functions of time t, ^}^ is an orthonormal basis of H ^^) under 
the fixed metric go- Intuitively, inequality ([2]) means that we can control OscM^p{t) by 

1^1 2 

— log A^t).?* ^ which only blows up along intersections of pluri-anticanonical divi- 

V /3=o ° 

sors. Therefore, the estimate of (p(t) is more or less translated to the study of the property 
of pluri-anticanonical holomorphic sections, which are described by a u ^- 

Theorem [2] can be looked as the combination of the following two lemmas. 

Lemma 1. Suppose Y is a Fano orbifold, {(Y n ,g(t)),0 < t < oo} is a Kahler Ricci 
flow solution satisfying the following two conditions 

• No concentration: There is a constant K such that 

Vo\ g{t) (B g{t) (x,r))<Kr 2n 
for every (x,t) £ Y x [0, oo), r £ (0,A" -1 ]. 

• Weak compactness: For every sequence ti — > oo, by passing to subsequence, we have 

(Y,g(U))^(Y,g), 

where (Y, g) is a Q-Fano normal variety. 

Then this flow is tamed by some big constant v. 

Note that the Q-Fano normal variety is a normal variety with a very ample line bundle 
whose restriction on the smooth part is the plurianticanonical line bundle. The convergence 
— > is the convergence in Cheeger-Gromov topology, i.e., it means that the following two 
properties are satisfied simultaneously: 

• d>GH(Yi,Y) where dcH is the Gromov-Hausdorff distance among metric spaces. 

• for every smooth compact set K C Y, there are diffeomorphisms (pi : K — > Y^ such 
that Im((pi) is a smooth subset of Y{ and (p*(gi) converges to g smoothly on K. 

Lemma 2. Suppose Y is an orbifold Fano surface, {(Y, g(t)), < t < oo} is a Kahler Ricci 
flow solution, then this flow satisfies the no concentration and weak compactness property 
mentioned in Lemma{J^ Moreover, every limit space (Y,g) is a Kahler Ricci soliton. 
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The proof of Lemma Q] follows directly (c.f. Theorem 3.2 of CWJ]) if we have the 



continuity of plurianticanonical holomorphic sections — orthonormal bases of H°(K^ 



(under metric gi) converge to an orthonormal basis of H (K^ u ) (under metric g) whenever 



Y 

metric g) when< 

(Y,gi) converge to (Y, g). Moreover, every orthonormal basis of H°(KT U ) is a limit of 

orthonromal bases of H°(Ky U ). This fact is assured by Hormand's L 2 -estimate of 3- 
operator and an a priori estimate of \S\ and |V5|, where S is a unit norm section of 



H°{Ky l ) (c.f. Lemma E2 for the a priori bounds of sections, Theorem 3.1 of [CW4I ] for 
the continuity of holomorphic sections). 

The proof of Lemma [2] is essentially based on Riemannian geometry. It is a corollary 
of the following Theorem In fact, if we define ff(m, c, a, k, E) as the the moduli space 
of compact orbifold Ricci flow solutions {(X m , g(t)), — 1 < t < 1} whose normalization 
constant is bounded by c, scalar curvature bounded by a, volume ratio bounded by k 
from below, energy bounded by E (c.f. Definition 14. 3p . then this moduli space have no 
concentration and weak compactness properties. 

Theorem 3. 0(m,c,(T,K,E) satisfies the following two properties. 

• No concentration. There is a constant K such that 

Vol g{0) (B m (x,r))<Kr m 
whenever r G (0,if _1 ] ; x e X, {(X,g(t)),-1 < t < 1} G ff(rn : c, a, k, E). 

• Weak compactness. If {(Xi, Xi, gi{t)), — 1 < t < 1} G ff(m,c,a, k, E) for every i, by 
passing to subsequence if necessary, we have 

(Xi,Xi,gi(0)) — > (X,x,g) 

for some C Q -orbifold X in Cheeger-Gromov sense. 



Actually, according to the fact that scalar curvature and f Y \ Rm\ 2 ujf are uniformly 
bounded (c.f. Proposition 15. ip along Kahler Ricci flow on orbifold Fano surface, it is clear 
that {{Y,g(t + T)),-1 < t < 1} G ff(4,l,a,K,E) for every T > 1. Therefore Theorem [3] 
applies. In order to obtain Lemma [21 we need to show that the limit space Y is a Kahler 
Ricci soliton and every orbifold singularity is a C°°-orbfiold point (c.f. Definition 12 .II) . The 
first property is a direct application of Perelman functional's monotonicity (c .f. |SellO . the 
second property follows from Uhlenbeck's removing singularity method (c.f. |CS|)- 



Theorem[3]is a generalization of the corresponding weak compact ness theorem in |CW3 |. 



If we assume Perelman's pseudolocality theorem (Theorem 10.3 of Pell ]) holds in orbifold 



case, then its proof can be almost the same as the corresponding theorems in CW3 ]. 
Therefore, an important technical difficulty of this paper is the following pseudolocality 
theorem. 
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Theorem 4. There exists w = r)(m, k) > with the following property. 

Suppose {(X,g(t)),0 < t < r%} is a compact orbifold Ricci flow solution. Assume that 
at t = we have \Rm\(x) < r^ 2 in B(x,ro), and VolB(x,ro) > nr™. Then the estimate 
\ Rm \g(t){y) < 0? r o)~ 2 holds whenever 0<t< (r?r ) 2 ; d g{t) (y,x) < i]r . 



Note that \Rm\ is defined as 
\Rm\(x) - 

The proof of Theorem H] is a combination of Perelman's point selecting method a nd m ax- 



\Rm\(x), if x is a smooth point, 
oo, if x is a singularity. 



imal principle. Note that the manifold version of Theorem [J] (Theorem 10.3 of Pel]) is 
claimed by Perelman without proof. This first written proof is given by Lu Peng in Lu2 | 
recently. 



With Theorem U] in hand, we can prove Theorem [3] as we did in CW3J]. However, we 



prefer to give a new proof. In CW3l | , the proof of weak compactness theorem is compli 



cated. A lot of efforts are paid to show the locally connectedness of the limit space. In 
other words, we need to show the limit space is an orbifold, not a multifold. We used 
bubble tree on space time to argue by contradiction. If we are able to construct bubble 
tree on a fixed time slice, then the argument will be much easier. In this paper, we achieve 
this by observing some stability of J \Rm\~2 in unit geodesic balls. 

In short, the new ingredients of this paper are listed as follows. 

• We offer a method to find KE metrics on orbifold Fano surfaces. 

• We give a simplified proof of weak compactness theorem, i.e., Theorem [3j 

• We prove the pseudolocality theorem in orbifold Ricci flow. 

It's interesting to compare the two methods used in search of KE metrics: the continuity 
method and the flow method. Suppose (M,g,J) is a Kahler manifold with positive first 
Chern class c±, uj is the (l,l)-form compatible to g and J. The existence of KE metric 
under the complex structure J is equivalent to the solvability of the equation 

where u is a smooth function on M satisfying 

m-Rcp vI M {e ~ u ~ 1)u}n = 1 - 

In continuity method, we try to solve a family of equation (0 < t < 1): 



G 



In Kahler Ricci flow method, we try to show the convergence of the parabolic equation 
solution: 



dip 



log- 



det(g, 



n ~ dzidz]' 



det(& 



+ ip + u. 



In both methods, the existence of KE metric is reduced to set up a uniform C°-bound of 
the Kahle r potent ia l fun c tion ip . If a(M) > ^xj, then ip is uniformly bounded in either 



case (c.f. [Tian87l ] . [Rul |. |CW2l |). If a(M) < -^-j, we need more geometric estimates 



to show the unifor m boun d of i p. Unde r continuity path, these geometr ic estimates are 
stated b y Tian i n Tian90l ] and Tian9l| (c.f. inequality (0.3) of Tian90 ] and inequality 
(5.2) of |Tian91^ . In Kahler Ricci flow case, we used a similar statement and called it 
as tamedness condition (c.f. equation ([1])) for simplicity. If the continuity path or Kahler 
Ricci flow is tamed, then the ip is uniformly bounded if a v ^{k = 1,2) is big enough. 
However, if the complex structure is fixed, there are slight difference in obtaining the 
tamedness condition between these two methods. The tamedness condition of a Kahler 
Ricci flow maybe easier to verify under the help of Perelman's functional. On a continuity 
pa th, the tamedness condition is conjectured to be true by Tian(c.f. Inequality (5.2.) 
of |Tian9lj |). 

Let's recall how to find the KE metric on Kahler surface ( M, J) whe never cf (M) = 3 and 
(M, J) contains Eckhard point. It was first found by Tian in Tian90l ] where he used conti- 
nuity method twice. Note that on the differential manifold M ~ CP 2 #6CP , all the com- 
plex structures such that c\ positive form a connected 4-dimensional algebraic variety J? . 
Choose Jo £ J* such that ac(M, Jo) > § for some compact group G C Aut(M, Jo)(e.g. 
Fermat surface). By continuity method, there is a KE metric go compatible with Jo. Now 
connecting Jo and J by a family of complex structures JfG J? ,0 < t < 1 such that 
Ji = J. Choose gt be a continuous family of metrics compatible with Jt- Let I be the 
collection of all t such that there exists a KE metric gt compatible with Jt. It's easy to 
show that I is an open subset of [0, 1]. In order to prove / = [0, 1], one only need to show 
the closedness of /. Let 

(gt)fj = (gt)ij + pfj- 

Then it suffices to show a uniform bound of OscM<p{t) on I. Since along this curv e of com - 



plex structures, a v ^{M, J t ) > §, a V) i(M, J t ) > § for every t€lC [0,11 (c .f. (sy| . |ChS| ). 



it suffices to show the tamedness condition (inequality (0.3) of Tian90j) on the set /. 
In fact, this tamedness condition is g uarante ed by the weak compactness theorem of KE 
metrics on M(c.f. Proposition 4.2 of |Tian9d |V 



In Kahler Ricci flow method, we are unable to change complex structure. Inspired by 
the continuity method, we also reduce the boundedness of ip to the tamedness condition 
since a U: 2(M,J) > |, a V) i(M, J) > |. Now in order to show the tamedness condition, 
we need a weak compactness of time slices of a Kahler Ricci flow. This seems to be more 
difficult since each time slice is only a Kahler metric, not a KE metric, we therefore lose 
the regularity property of KE metrics. Luckily, under the help of Perelman's estimates and 
pseudolocality theorem, we are able to show the weak compactness theorem(c.f. Theorem 
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4.4 of [cwaj p. Consequently the tamedness condition of the Kahler Ricci flow on M holds, 



so ip is uniformly bounded and this flow converges to a KE metric. 

Once the weak compactness of time slices is proved, the disadvantage of Kahler Ricci 
flow becomes an advantage: we can prove the tamedness condition without changing com- 
plex structure. This is not easy to be proved under a continuity path when the complex 
structure is fixed. Suppose we have a differential manifold M whose complex structures 
with positive c\ form a space J? satisfying 

n 



a u ,!(M,J)<— -, VJe/. 
n + 1 



Without using symmetry of the initial metric, we cannot apply continuity method directly 
to draw conclusion about the existence of KE metrics on (M, J). However, Kahler Ricci 
flow can still possibly be applied. For example, if (Y, J) is an Fano orbifold surface with 
degree 1 and with three rational double points of type As , A 2 and Ai. Then J is the 



unique comple x struc ture on Y such that c\(Y) > (c.f. [ZhdJ, [YQJ). According to the 



calculations in [Kostal ] . we know a Uj x(Y) = |, a v ^ > §. So we are unable to use continuity 



method directly to conclude the existence of KE metric on (Y, J) because of the absence 
of tamedness condition. However, we do have this condition under Kahler Ricci flow by 
Theorem [2j Therefore, the Kahler Ricci flow on ( Y, J) must converge to a KE metric. 



The organization of this paper is as follows. In section 2, we set up notations. In 
section 3, we go over Perelman's theory on Ricci flow on orbifolds and prove the pseudolo- 
cality theorem (Theorem . In section 4, we give a simplified version of proof of weak 
compactness theorem (Theorem[3|). In section 5, we give some improved estimates of pluri- 
anticanonical line bundles and prove Theorem [T] and Theorem [2J At last, in section 6, we 
give some examples where our theorems can be applied. In particular, we show Corollary[TJ 
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Gang Tian for many insightful and inspiring conversations with him. Thanks also go to 
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2 Set up of Notations 

Definition 2.1. A C°°(C )- orbifold (X m ,g) is a topological space which is a smooth 
manifold with a smooth Riemannian metric away from finitely many singular points. At 
every singular point, X is locally diffeomorphic to a cone over S m ~ l /T for some finite 
subgroup Y C SO(m). Furthermore, at such a singular point, the metric is locally the 
quotient of a smooth (continuous) V -invariant metric on B m under the orbifold group T. 

A C°° (C°) -multifold (X,g) is a finite union of C°°(C )- orbifolds after identifying finite 

N 

points. In other words, X = JjAj/ ~ where every Xi is an orbifold, the relation ~ 

i=l 



S 



JV 

identifies finite points of X{ . 

i=i 

For simplicity, we say a space is a Riemannian orbifold or orbifold (multifold) if it is 
a C°°-orbifold (C°° -multifold). 

Definition 2.2. For a compact Riemannian orbifold X m without boundary, we define its 
isoperimetric constant as 



I(X) = inf 

n min{|0|,|X\Q|}^ 

where £1 runs over all domains with rectifiable boundaries in X . 

For a complete Riemannian orbifold X m with boundary, we define its isoperimetric 
constant as 

\dfl\ 



I(X) * inf ■ 

n \n\ — 

where ft runs over all domains with rectifiable boundaries in the interior of X. 

Definition 2.3. A geodesic ball B(p, p) is called K-noncollapsed if — — — > k when- 
ever B(q, s) C B(p, p). 

A Riemannian orbifold X m is called K-noncollapsed on scale r if every geodesic ball 
B(p, p) C X is K-noncollapsed whenever p<r. 

A Riemannian orbifold X m is called K-noncollapsed if it is K-noncollapsed on every 
scale r < diam(X m ). 

Definition 2.4. Suppose (x, t) is a point in a Ricci flow solution. Then parabolic balls 
are defined as 

P+(x, t, r, 6) = {(y, s)\d g{t) (y,x) < r, t < s < s + 9}. 
P~(x,t,r,9) = {(y,s)\d g (t)(y,x) < r, t - 6 < s < s}. 

Geometric parabolic balls are defined as 

P+(x, t, r, 9) = {{y, s)\d g[s) {y, x) < r, t < s < s + 9}. 
P~(x,t,r,9) = {{y,s)\d g ( s) (y,x) < r, t - 9 < s < s}. 



Definition 2.5. Suppose x is a point in the Riemannian orbifold X . Then we define 

\Rm\(x), if x is a smooth point, 
Km = i . 

oo, if x is a singular point. 



9 



3 Pseudolocality Theorem 



3.1 Perelman's Functional and Reduced Distance 

Denote □ = § - A, □* = -§ - A + R. 

In our setting, every orbifold only has finite singularities. All the concepts in [Pell ] can 
be reestablished in our orbifold case. For example, we can define VF-functional, reduced 
distance, reduced volume on orbifold Ricci flow. 

Definition 3.1. Let (X,g) be a Riemannian orbifold, r > a constant, f a smooth 
function on X. Define 

W{g,r,f)= [ {r(^ + |V/| 2 ) + /-n}(47rr)-fe-^, 
J x 

v(9,t)= inf W(g,rJ). 

Since the Sobolev constant of X exists, we know /i(g, r) > — oo and it is achieved by 
some smooth function /. 

Suppose {(X, g(t)),0 < t < T} is a Ricci flow solution on compact orbifold X, u = 
(4vr(T - i))"f e~ f satisfies □*« = 0. Let v = {(T — t)(2A/ - |V/| 2 + R) + f - m}u, then 

n *v = -2(T - t)\R tJ + f fj - 2 p_ t) 9ii\ 2 u < 0- 

This implies that 

d f r / m . ,,,0. „ , m £ 



Of 



J {(T -t)(R + |V/| 2 ) + / - m}(4vrr)-f e~f = ^ J v = J U*v < 0. 



It follows that n(g(t),T — t) is nondecreasing along Ricci flow. From this monotonicity, 
we can obtain the no-local-collapsing theorem. 

Proposition 3.1. Suppose {(X, g(t)),0 < t < Tq} is a Ricci flow solution on compact 
orbifold X , then there is a constant k such that the following property holds. 

Under metric g(t), if scalar curvature norm \R\ < r~ 2 in B(x,r) for some r < 1, then 
Vol{B(x,r)) > nr m . 



The pro of o f t his p roposition is the same as Theorem 4.1 in Pell ] if R is replaced by 
|i?m|. See KLj, SeT| for the improvement to scalar curvature. 

Definition 3.2. Fix a base point p E X. Let C(p,q,f) be the c ollection of all smooth 
curves {7(7-), < r < r} satisfying 7(0) = p,j(f) = q. As in Pefi l. we define 



At) 



f V^(R+\j(r)\ 2 )dT, 
Jo 



L(p,q,r)= inf £(7), 



L(p,q,r) 
2y/f 
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Like manifold case, L(p, q, r) is achieved by some shortest £-geodesic 7. 



Under Ricci flow, since the evolution of distance is controlled by Ricci curvature. Def- 
inition [32] yields the following estimate (c.f. [Yel]). 

Proposition 3.2. Suppose \Ric\ < Cg when < r < f for a nonnegative constant C . 
Then 

e 4r 3 TSl[p,q,r)Se ^ + g r. 

Therefore, as r — >• 0, l(p,q,r) behaves like 9<0 ^ P ' g ' > . 
Proposition 3.3. Xei u(p,q,r) be the heat kernel ofU* on X x [0,f]. As g — )• p, r — > 0, 



n 

g, t) ~ (Attt) 2 e 



d g(Q)(P.g) 



;|r„| 



In the case the underlying space is a manifo ld, thi s approximation can be proved by 
constructing parametrix for the operator D*(c. f. CLNl for detailed proof). This construc- 
tion can be applied to orbifold case easily. See [DSGWl ] for the construction of parametrix 
of heat kernel on general orbifold under fixed metrics. This proposition is the combination 
of the corresponding theorems in [CLNj ] and DSGWl ]. The proof method is the same, so 
we omit the proof for simplicity. 

Proposition 3.4. □*{(47rr)~f e~'} < 0. 

Proposition 3.5. Suppose h is the solution of Uh = 0, then 



lim hv< - log \T\h(p,0). 
Jx 



Proof. Direct calculation shows that 




hU*v = 2t 

X JX 



Rij + f,ij 



9i£ 
2r 



uh > 0. 



Therefore, lim J hv exists if J x hv is uniformly bounded as t — > . However, we can 
decompose f x hv as 
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f hv= f [r(2Af-\Vf\ 2 + R) + f-n]uh 
Jx Jx 

= (4vrr)-t ( [ T (2Af-\Vf\ 2 + R)+f-n]e- f h 
Jx 

= (4vrr)-t{/' [ T (|v/| 2 + J R) + /-n]e- / /i-2r / hAe~ f } 
Jx Jx 

= [ [-2TAh + (RT-n)h]u+ [ T\Vf\ 2 uh+ [ fuh. 
Jx Jx Jx 
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Note that f x u = 1 . Term / is uniformly bounded. By the gradient estimate of heat 



equation, as in Nil! ], we have 



r^<(2 + C7 1 r){log(-^ r f u) + C 2 r} 

U Z UT 2 Jx 

for some constants C\ , C 2 ■ Together with J x u= 1 , this implies 

11= I T\Vf\ 2 uh < (2 + Cir){ / (log B + / + C 2 T)uh] < C + 3 / fuh, 
Jx Jx Jx 

where C is a constant depending on X and h. It follows that 

/ hv<C' + 4 [ fuh. 
Jx Jx 

In order to show f x hv have a uniform upper bound, it suffices to show that 177 = J x fuh 
is uniformly bounded from above. 



Around (p, 0), the reduced distance / on X approximates |-. (See |Pell |. jYej] for more 
details.) As a consequence, we have 

□*{(47rr)-5 e -'(^)+ lo gl r l} < 0, lim(4^r)-t e - zfe ' r)+los|r| = SJy). 

r->0 



Then maximal principle implies that 

f(y,r) < l(y,r) - log 

for every y € X , < r < 1. 
Inequality ([3|) implies 



(3) 



limsup / /n/i<limsup / (/ — log |r|)n/i 
r->o Jx t^o 

= — log I T\h(p, 0) + limsup / — uh 
r^o Jx 4r 



< (--i O g|r|)%,0). 
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The last step holds since the expansion of u around point (p, 0) tells us that 



t->0 Jx 



d 2 



At 



limsup / ^uh<h(p,0){l • (4^)-f .e-^- +log|r| } = ^(p,0) 



yr 



After the uniform upper bound of J x vh is set up, by the monotonicity of J x vh, we 

see lim f vh exist, Since - is no, integral* on [0,1], for every k, there are small r's 
^->o J x 

d f 1 

such that — / vh < - — . So we can extract a sequence of — > such that 

Ot Jx KT 



lim 2tI 



k— >oo 



X 



Rij f,ij 



9v 
2r 







1 



uh = lim Tfc— / vh < lim — = 0. 

k~ >oo Ot J x k— >oo K 



Holder inequality and Cauchy-Schwartz inequality implies that 



lim tx. f (R + Af - -^—)uh < lim 7* [ 
T k ->o Jx 2r fc r fc ^o J x 



Tfc->0 jx 

= 0. 



Rij + /, 

Rij + f,ij 



9ij 



uh 



9ij 
2r fc 



uh}^ • { / uh}2 
'x 



Therefore, 



t->0 



lim / vh = lim / vh 



x 



Tk^OJx 



f ft f f 11 

= lim r k / [(R + A/) — - — ]uh — lim r k / uAh + lim / (/ - -)uh 
= lim / (f )uh 

< -io g |r|%,o). 



□ 



Corollary 3.1. v < 0. 



Theorem 3.1. Suppose h is a nonnegative function, there is a large constant K such that 
max{D/i, — Ah} < K whenever t G [— K~ , 0]. Then 



lim I hv< -log|T|%,0). 



Proof. The monotonicity of j x v tells us that 



v> / u|t=jr-i > n{g(-K- L ),K~ L ). 
x Jx 
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whenever t G [-K 1 , 0). The conditions D/i < -fT, t> < imply 



at 



A 



{ / to} = / (vDh - hU*v) >K v- hU*v >C + 2t 



x 



X 



X 



9i£ 
2t 



uh 



where C = K/j,(g(—K ),K 1 ), r = —t. In other words, 



dt 



/ hv} >2t 
Jx Jx 



_ Rij + f,u ~ % 



uh > 0. 



By the same argument as in Proposition ^. 51 Cr + J x hv is uniformly bounded from above. 
So the limit lim / hv = lim Ct + / hv exists. There is a sequence — > such that 



T-»0 



T-»0 



X 



2r fe 2 



A 



0. 



This yields that lim / (R + A/ = 0. Note — A/t < K, as in Proposition 13.51 



we have 



lim [ vh= limln [ [(R + Af)-^] U h-r k [ uAh + f (/ 

<-io g |r|%,o). 



77 



uh 



□ 



3.2 Proof of Pseudolocality Theorem 
In this section, we fix a = 10 6 m - 

Theorem 3.2 (Pseudolocality theorem). There exist 5 > 0, e > i/ie following 
property. Suppose {(X, g(t)),0 <t< e 2 } is an orbifold Ricci flow solution satisfying 

• Isoperimetric constant close to Euclidean one: I(B(x, 1)) > (1 — 5)I(]R n ) 

• Scalar curvature bounded from below: R> — 1 in B(x,l). 

under metric g(0). Then in the geometric parabolic ball P + (x, 0, e, e 2 ), every point is 
smooth and \Rm\ < j + e -2 . 

Remark 3.1. The condition I(B(x, 1)) > (1 — <5)I(IR n ) implies that there is no orbifold 
singularity in B(x, 1). 

Proof. Define F(x,r) = sup {|i?m| r ~ 2 } where \Rm\ is defined in Defini- 

(i/,()eP+(i,0,r,r 2 ) * 

tion 12.51 Then the conclusion of the theorem is equivalent to F(x,e) < 0. 

Suppose this theorem is wrong. For every (d~,n) G M + x there are orbifold Ricci 
flow solutions violating the property. So we can take a sequence of positive numbers 
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(Si,rji) — > (0,0) and orbifold Ricci flow solutions {(JQ, Xj, <t< rjf} satisfying the 

initial conditions but F(xi,r]i) > 0. 

Define ej to be the infimum of r such that F(xi,r) > 0. Since is a smooth point, we 
have T]i > ei > 0. For every point (z,t) € P + (xi, 0, e 2 ), we have 

|i?m| ffi(t) (z) -j- ef < \Rm\ giiti) ( yi ) - j - ef = (4) 

for some point (y^tj) G P + {xi, 0, e i; ef). 
Let A = ae" 1 = — . 

Claim. Every point in the geometric parabolic ball P + (xi,0, AA^ei, e 2 ) is a smooth point. 

For convenience, we omit the subindex i. Suppose that (p, s) is a singular point in 
P+Or,0,4A,e 2 ). Let 

/ ^ ,,d g {t){y,x) + 200my/t 

n(y,t) = t( 1QAe ) 

where (j) is a cutoff function satisfying the following properties. It takes value one on 
(— oo, 1] and decreases to zero on [1,2]. Moreover, -<j)" < 100, O') 2 < 100. Recall that 

. - . a 9 1 + a 2 
\Rm\< J + ^< — <- t 

in the set P + (x, 0, e, e 2 ). In particular, every point in B g ^ x is smooth and satisfies 

\Rm\ < |. This curvature estimate implies that (c.f. Lemma 8.3 (a) of Pell ], it also holds 
in orbifold case.) 

2 2 ft 1 2 1 

Ud > -(m - • - • ^2 + y j) > -4mt-s, 
where cZ(-) = d g u\(-,x). Therefore, as calculated in jPel ], we have 
□77 = — -(Dd + lOOmt~5)0' - 1 0" < 



10A V JY (10A) 2 ^ ~ (10A) 2 ' 

Let u be the fundamental solution of the backward heat equation □*« = and u = 5 P at 
point (p, s). We can calculate 



*iL VU = L {UUT] - ^ = Ix UUT] - WW Sx U " - WW I, 



1 

u 



x 10(A) 2 ' 



It follows that 



/ rju 


> rju 




Ix 


t=o Jx 


t= 



10(A) 2 " 1 10A' 
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Similarly, if we let rj(y,t) = <f>( dg(t) ^'^H^ 200m ^* j 



/ u > 7]U 

JB(xAOAe) JX 



'B(x,WAe) 



we can obtain 
10 



> 1 



t=o 



It forces that 



7]U 



' B{x,20Ae)\B(x,10Ae) 

On the other hand, we have 





<1-(1 



(5A)< 



10 



< A' 



Ot 



— / — r\v 



x 



< 



< 



/ (-vOrj + rjn*v) 
Jx 

-v\-\rj 



x 



10(Ae) 



-rjv, 



x 



where we used the fact — v > and Or/ < 
rem 13.11 implies 



W(Ae)- 



-. This inequality together with Theo- 



-T]V 



t=o 



-rjv 



x 



t=s 



> log|r|r/(x,s)e io(a e) ^ > — log |T| > - log 2. 



Let u = urj and / = / — log r/. At t = 0, as in [Pell ], we can compute 

i log2 < - / v V = I {(-2A/ + |V/| 2 -R)s-f + m^u 



x 



{s\Vf\ 2 - f + m}u + / {s 



A' 



Rrf) — r\ log 7]}u 



< 10A' 1 + 100e 2 + / {-s|V/| 2 -f-m}u 
Jx 

After rescaling s to be |, we obtain 

^){§(|V/| 2 + / - m)} < -i log 2. 

1 - A~ 2 < f R , 20Ae,U < 1. 

This contradicts to the fact that B(x , tt^ t) C B(x, -7=) has almost Euclidean isoperimet- 
ric constant (c.f. Proposition 3.1 of [Ni2] for more details). So we finish the proof of the 
claim. 



Now we can do as Perelman did in Claim 1 of the proof of Theorem 10.1 of Pell ]. We 
can find a point (x,t) such that 



\ Rm \g(t){z) < 4| J Rm| 9(t -)(x) 
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whenever 

(z,t) G X a , < t < i, d g( t)(z,x) < d g (fi(x,x) + A\Rm\ g ^(xy^ 

where X a is the set of pairs (z,t) satisfying \Rm\ g ^(z) > j. Moreover, we also have 
d g (t){x,x) < (2A + l)e. Therefore, the geometric parabolic ball P + (x, 0, Ae, t) is strictly 
contained in the geometric parabolic ball P + (x, 0, AAe, e 2 ). Therefore, every point around 
(x, t) is smooth. We can replace \Rm\ by \Rm\ and all the arguments of Perelman's proof 



m 



Pel| apply directly. For simplicity, we only sketch the basic steps. 



P~(x,i, jqAQ~2^ Iq-Q" 1 ) is a parabolic ball satisfying \Rm\ < AQ = 4:\Rm\ g m(x), 
every point in it is smooth. Then by blowup argument, we can show that there is a 
time t G [t — haQ~ l ,t\, such that f u < ~ c o f° r some positive constant Co, 

B g(t)\ x >\ *~ *) 

where « is the auxiliary function related to the fundamental solution u = (4ir(i — t))~ ze~f 
of conjugate heat equation, starting from 5- functions at (x,t). Under the help of cutoff 
functions, we can construct a function / satisfying 

/ B{ ^ ) {^(|V/| 2 + ;-m)}<-±c . 

1 " A ~ 2 < Ib(x,S^) 5 ^ L 

under the metric ^g(0). Since B(x, C -B(x, ^=a) has almost Euclidean isoperimetric 
constant as e — ?• 0, A — > oo, we know these inequalities cannot hold simultaneously! □ 

Proposition 3.6. Let {(X, g(t)),0 < t < 1}, x, 5, e be the same as in the previous theorem. 
If in addition, \Rm\ < 1 in the ball B(x, 1) at time t = 0, then 

\Rm\g(t)(y) < ( ae )~ 2 
whenever < t < (ae) 2 , dist g i t \(y,x) < ae. 

Proof. Suppose not. There is a point (yo>*o) satisfying 



\Rm\ g{to) (y ) > (ae) 2 , < t < (ae) 2 , d g{to) {y ,x) < 



ae. 



Check if Q = \Rm\ g ^(yo) can control \Rm\ of "previous and outside" points. In other 
words, check if the following property & is satisfied. 



#: \Rm\ g( t)(z) <4Q, V < t < t , d g[t) (z,x) < d g{tQ) (y ,x) + Q 2. 
If not, there is a point (z, s) such that 

l-ftHg(s)( z ) > 4( 2> < s < t , d fl ( s )(z,a;) < d g{to) (y ,x) + Q~5. 

Then we denote (2, s) as (yi, ii) and check if the property A is satisfied at this new base 
point. Now matter how many steps this process are performed, the base point (yk,tk) 
satisfies 



< t k < t < (aef 



k-l 



d 9 (t k )(yk,x) < d g ( to) (y ,x) + ^2 l Q 2 < d g ( to) (y , x) + 2Q 2 < 3ae < e. 



1=0 
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Namely, (yk,tk) wm never escape the compact set 

SI = {(z, s)|0 < s < (ae) 2 , d g i s \{z, x) < 3ae} 

which has bounded |i?m|. During each step, \Rm\ doubles at least. Therefore, this process 
must terminate in finite steps and property £ will finally hold. Without loss of generality, 
we can assume property £ holds already at the point (yo>*o) £ ^- Define 

P = {(z,s)|0 < s < t , d g{s) (z,y ) < Q~^}. 

Triangle inequality and property & implies \Rm\ < AQ holds in P. Let g(t) = 4Qg(^), 
we have 

P = {(z, s)|0 < s < AQt , d- g(s) (z,y ) < 2}. 
From now on, we do all the calculation under the metric g(t). 

Define rj(z,t) = 5cft(d(z,yo) + lOOmi) where <f> is the same cutoff function as before. It 
equals 1 on (—00, 0] and decreases to zero on [1,2]. It satisfies -(f)" < 100, ((f)') 2 < 10(f). 
In P, we calculate 

|Vr/| 2 = 25((f)') 2 \Vd\ 2 = 25{cf)') 2 < 250(f) = 50r/, 
□r? = 5(Dd + lOOm)0' - 5(f>" < -5(f>" < 10??, 
□ry" 4 = -4r/~ 5 Dr? - 20??" 6 |Vr ? | 2 > -40t? _4 - lOOO?? -5 = (-40?? 2 - IOOOt?)^ -6 ) 
> -6000(?7~ 4 )i. 

On the other hand, in P, we have 

a{\Rm\ 2 (l - J-)} < 16|i?m| 3 (l - - ^|^m| 2 

<(i6-^)|«H 2 
<(ie-i±^)|iH 3 



- 1 ^){|^H 2 (i-^)}^ 

32a 32a 



<-6000{|i?m| 2 (l--5|-)}t. 

32a 

In these inequalities, we used the fact that |i?m| < 1, 16 — ^^ < —6000 < and 1— > 
in P. \Rm\ < 1 is guaranteed by the choice of P. Recall a = 10 ti m , so 16- < -6000 
is obvious. To prove 1 — > 0, we note that Q = \Rm\ g ^(yo) < ^ + e -2 , so we have 

Qt < a + t e" 2 < a 1 + a , 1 - — > 1 - > 1 — > 0. 

32a 32a 8 

It follows that 

a{\Rm\ 2 (l - J-)} < -6000{|i?m| 2 (l - J-)}§ 
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in P. Therefore, i] 4 is a super solution of \DF = — 6OOO-F2, |i??n| 2 (l — is a sub 
solution of this equation. Moreover, 

\Rm\ 2 (l - ^) < — < i(ae) 2 < — < t?" 4 , whenever t = 0. 

|i?m| 2 (l ) < 00 = r/~ 4 , whenever d(z,y) = 2. 

32a 

Therefore, for every point in P, \Rm\ 2 (l — o|^) is controlled by rj~ 4 . In particular, under 
metric <?, at point (yo>4Qio)i we have 

|i?m| 2 (y )(l-^)<r ? (y ,4Qt )- 4 
32a 

= {5^(400mQt )}~ 4 

< 5" 4 {(/>(400ma(l + a))}" 4 

<, = ^ 

On the other hand, recall that a = 10 6 m , we have 

\Rm\\y )(l -*®°) = 1(1 1(1 - i±^) > 1. 

1 1 vyuA 32a ; 16 v 8a ' 16 v 8 7 32 



It follows that < 6^5- Contradiction! 



□ 



As a corollary of this proposition, we can obtain the improved Pseudolocality theroem. 

Theorem 3.3 (Improved Pseudolocality Theorem). There exists rj = rj(m, k) > 
with the following property. 

Suppose {(X,g(t)),0 < t < r 2 ,} is a compact orbifold Ricci flow solution. Assume that 
at t = we have \Rm\(x) < r^ 2 in B(x,ro), and Vol B(x,ro) > nr™. Then the estimate 
\Rm\ g ^{x) < (^ro)" 2 holds whenever < t < (nro) 2 , d g ^(x,x) < i]rQ. 

Remark 3.2. Suppose cq > — c is a constant, then the "normalized flow" ^| = —Ric + 
cog is just a parabolic rescaling of the flow §| = —2Ric. So Theorem 13.31 also hold for 
"normalized" Ricci flow solutions || = — Ric + c$g. However, the constant r\ will also 
depend on c then. 



4 Weak Compactness Theroem 

In this section, k, E are fixed constants, h, £ are small constants depending 
only on k and m by Definition 14.11 and Definition 14.21 
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4.1 Choice of Constants 

Proposition 4.1 (Bando, Ban9d |). There exists a constant h~ a = H a (m,K) such that the 
following property holds. 

If X is a K-noncollapsed, Ricci-flat ALE orbifold, it has unique singularity and small 
energy, i.e., J x \Rm\~dfi < h a , then X is a flat cone. 

Proposition 4.2. Suppose B(p,p) is a smooth, Ricci-flat, K-noncollapsed geodesic ball 
and dB(p,p) ^ 0. Then there is a small constant h~b = Hb(m,K) < {^^)~ such that 

CI 2 
sup \V k Rm\ < / \Rm\^dp}™ (5) 

b(p4) P 2+k Jb(p, p ) 

whenever f B ^ p ^\Rm\~dfj, < h^. Here are constants depending only on the dimen- 
sion m. In particular, B(p,p) satisfies energy concentration property. In other words, if 
\Rm\(p) > 2^-, then we have 



/ \Rm\ ™ dp, > h b . 
Jb( p 2) 



*(p,§) 

Definition 4.1. Let h = mm.{h a , hb}. 

Proposition 4.3. There is a small constant ^ a (n,m) such that the following properties 

hold. Suppose that {(X,g(t)),0 < t < 1} is a Ricci flow solution on a compact orbifold X 

_ 3 

which is K-noncollapsed. C X and \Rm\ g ^(x) < £ a 2 for every point x G Q. Then we 
have 

\ Rm \ 9i (t)( x ) < T7^2^ 2 , Vx G W, t G [0,9^]. 



1000(W 

3 

where = {y G Q\d g ^(y,dQ) > 



Proof. Suppose not. There are sequence of {(Xi, gi(t)), < t < 1}, Xi, ft', fij, and £j — > 
violating the statement. 

_ 3 _3 

Blowup them by scale 2 , let gi{t) = 2 t). We can choose a sequence of points 
1 

yi G %U G [0,9^ 2 ] satisfying 

\ Rm \uuM) > TUUoW^ 1 ^ 00 - (6) 

Note that under metric gi(0), \Rm\ < 1 in B(yi,l), so inequality ([6]) contradicts the 
improved pseudolocality theorem! □ 

Proposition 4.4. Suppose X is an orbifold which is K-noncollapsed on scale 1, \Rm\ < 1 
in the smooth geodesic ball B(x, 1) C X. Then there is a small constant such that 

Vol(B(y,r)) v 7 
^ > 8^( ?T1 ) 

1 

whenever y G B(x,h) and r < Q . 
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Definition 4.2. Define £ = min{£ a ,£ 6 , (10000m 2 f )~ 4 }. 



4.2 Refined Sequences 



The main theorems of this section are almost the same as that of CW3I ] . 



Definition 4.3. Define €?(m,c,o~, k, E) as the the moduli space of compact orbifold Ricci 
flow solutions {(X, g(t)), —1 < t < 1} satisfying: 

1. -§ig(t) = —Ric g f t \ + cog(t) where cq is a constant satisfying \cq\ < c. 

II^IIl°°(Xx[-1,1]) - a - 

3. Vo W^W^ r )) > Kfor dlxe x,t £ [-1,1], re (0,1]. 

m 

4. {#Sing(X)} ■ H + f x \Rm\ g 2 (t) d» g{t) < E for all t 6 [-1,1]. 

Clearly, in or der this moduli space be really a generalization of the ^(m,c,a,K,E) 



defined in CW3I ]. we need m to be an even number. 



We want to show t he wea k compactness and uniform isoperimetric constant bound of 



0(m, c, a, k, E). As in |CW3| . we use refined sequence as a tool to study 0(m, c, a, k, E). 
After we obtain the weak compactness theorem of refined sequence, the properties of 
ff(m,c,a,K,E) follows from routine blowup and bubble tree arguments. However, we'll 
give a simpler proof of the weak compactness theorem of refined sequences. 

As in CW§], we define Refined sequence. 



Definition 4.4. Let {(XJ", g%(t)), — 1 < t < 1} be a sequence of Ricci flows on closed 
orbifolds X™ 1 . It is called a refined sequence if the following properties are satisfied for 
every i. 

d 

1- Trrgi = -Ric 9i + Cigi and lim Cj = 0. 

Ot «->oo 

2. Scalar curvature norm tends to zero: lim ll-Rll^oop^xI-l l]) = ^' 

3. For every radius r, there exists N{r) such that (Xi,gi(t)) is K-noncollapsed on scale 
r for every t S [—1, 1] whenever i > N(r). 

4- Energy uniformly bounded by E: 

f m. 

{#(Sing(Xi))} -H+ \Rm\ g 2 . {t) dti gii t) < E, Vt G [-1,1]. 
J Xi 

In order to show the weak compactness theorem for every refined sequence, we need 
two auxiliary concepts. 
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Definition 4.5. A refined sequence {(Xi, gi(t)), —1 < t < 1} is called an E-refined se- 
quence under constraint H if under metric gi(t), we have 

{#Sing(B(x Q ,Q^))}-h+ j 1 \Rm\% dfi > H, Vt G [t ,t + ^Q" 1 ], (7) 
whenever (xo,to) G Xj x [— i, ^] and Q = |i?m| fli ft )(a:o) > i?. 

Definition 4.6. ^4n E-refined sequence {(Xi, gi(t)), — 1 < t < 1} under constraint H is 
called an EV-refined sequence under constraint (H,K) if under metric g%(t), we have 

V ° 1B ^ r >< g (8) 

for every i and (x,t) G Xi x [—4, 4], r G (0, 1]. 



When meaning is clear, we omit the constraint when we mention .E-refined and EV- 
refined sequences. Clearly, an E-refined sequence is a refined sequence whose center-part- 
solutions satisfy energy concentration property, an EV-refined sequence is an E-refined 
sequence whose center-part-solutions have bounded volume ratios. For convenience, we 
also call a pointed normalized Ricci flow sequence {(Xi,Xi,gi(t)), — 1 < t < 1} a (E-, 
EV-)refined sequence if {(Xi, gi(t)), — 1 < t < 1} is a (E-, EV-)refined sequence. Since 
volume ratio, energy are scaling invariants, blowing up a (E-, EV-)refined sequence at 
proper points generates a new (E-, EV-)refined sequence with smaller constraints. 



Remark 4.1. The definition of refined sequence is the same as in However, the 

definiton of E-, EV —refined sequence here is a slight different. This is for the convenience 
of a simplified proof of the weak compactness theorem of refined sequences. 



We first prove the weak compactness of EV-refined sequence. 

Proposition 4.5 (C 1, 2-Weak Compactness of EV-refined Sequence). Suppose that 
{(Xi, Xi, gi(t)), — 1 < t < 1} is an EV-refined sequence, we have 

i i 

(Xi,Xi,gi(0)) — > (Xqo 
where Xoo is a Ricci flat ALE orbifold. 



Proof. As volume ratio upper bound and energy concentration holds, it is not hard to see 
that 

i i 

(Xi,Xi,gi(0)) — > (Xoo 

for some limit metric space X^, which has finite singularity and it's regular part is a C 1 '^ 
manifold. Moreover, by the improved pseudolocality theorem and the almost scalar flat 
property of the limit sequence, every smooth open set of Xoo is isometric to an open set 
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of a time slice of a scalar flat, hence Ricci flat Ricci flow solution. In other words, every 
open set of the smooth part of is Ricci flat. It's not hard to see that 



r 

$Sing{X 00 )-h+ I \Rm\^du<E. 



This energy bound forces that the tangent space of every singular point to be a flat 
cone, but mayb e with m or e than o ne ends. Also, the tangent cone at infinity is a flat 
cone(c.f. [BKNI ]. |An9Cjl ]. |Tian90l |'). In other words, X^ is a Ricci flat, smooth, ALE 
multifold with finite energy. We need to show that this limit is an orbifold, i.e., for every 
P £ -^oo, the tangent space of p is a flat cone with a unique end. This can be done through 
the following two steps. 

Stepl. Every singular point of X^ cannot sit on a smooth component. In other 
words, suppose p is a singular point of X^, then there exists 5q depending on p such that 
every component of dB(p,5) has nontrivial 7Ti whenever 5 < 5q. 

If this statement is wrong, we can choose <5j — > such that 

\dE s .\ > lmuj(m)5^- 1 

o 

where E§ i is a component of dB(p,5i). By taking subsequence if necessary, we can choose 
Xi 3 pi — >■ p satisfying 

\dEl\> 7 -mu(m)5?- 1 

where Eg. is some component of dB(pi,5i). Moreover, we can let pi be the point with 
largest Riemannian curvature in B(pi,p) for some fixed small number p. Define 

• rj = sup{r|r < 5i, the largest component of dB(pi,r) has area ratio < |ma;(m)} 

• r'i = inf{r|the ball B{pi,r) has volume ratio < |w(m)}. 

_ i 

We claim that r\ < CQ i 2 where Qi = \Rm\{pi) and C is a uniform constant. Otherwise, 
by rescaling Qi to be 1 and fixing the central time slice to be time 0, we can take limit for 
a new £V-refined sequence 

a - 

{(X i)K ,^(i)),0 < t < f} {(!oo,Poo,ffoo(i)),0 < t < f}, 

where the limit is a stable (Ricci flat ) Ricci flow solution on a complete manifold X^. 
Moreover, the convergence is smooth when t > 0. Therefore, ( , , (0) ) is isometric 
to (A 00 ,p 00 ,5 00 (^ 2 )). This forces that (Ioo,Poo,ffoo(^ 2 )) satisfies 

f ,^ ,™ , ^ , Vol(B( Poo ,r)) 3 , . 
h< / Rm-du<E, lim v woo, n > u r m \ 

— J x 1 r->oo r m ~ 4 

_1 

simultaneously. This is impossible! Therefore, < CQ i 2 — > 0. This estimate of r\ implies 

that rj is well defined. Moreover, similar blowup argument shows that lim — = oo. 

i— >oo r- 
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Clearly, < <5j — > 0. Rescale rj to be 1 to obtain a new EV-refined sequence 

{(X?\xl 1 \g?\t))-l<t<l} 
where x- 1 ^ = pi. We have convergence 

{X?\x?\£\*)) C ^{X&\ X VJ£). 

By our choice of r^, for every r > 1, there is a component of dB(x^ , r) whose area is 
at least |mu;(m)r m_1 . Therefore, the ALE space X$ has an end whose volume growth 
is greater than |u;(m)r m > |w(m)r m . Detach as union of orbifolds. One of them 
must be ALE space whose volume growth at infinity is exactly aj(m)r m , the Ricci flatness 
forces that this ALE component is isometric to Euclidean space. Since one component of 
dB{x\ ,l) has volume |mu;(m), X^) itself cannot be Euclidean. Therefore, xj£) must 
contain a singular point which connects a Euclidean space. In other words, X$ contains 
a singular point q which sit in a smooth component. 

If x£ ] has more than one singularity, we can blowup at point q as before and obtain a 

(2) 

new bubble X^o . However, a fixed amount of energy (at least H) will be lost during this 
process. Therefore such process must stop in finite times. Without loss of generality, we 
can assume that x£) has a unique singularity q. By the choice of pi, x^ = lim pi must 

i— >oo 

be singular if X$ contains a singular point. It follows that x£) has a unique singularity 
x£j . From the previous argument, we already know that x£ = q connects a Euclidean 
space. Since is the unique singularity, every geodesic 7 connecting x^ and some point 
x in the Euclidean space must stay in that Euclidean space. Therefore, dB(x£j , 1) has 
a component which is a standard sphere whose area is muj(m) > |mw(m). So for large 
i, the largest component of dB(pi,ri) has area strictly greater than |mcj(m)r™' _1 . This 
contradicts to the choice of 

Step 2. Every singular point of X^ has only one end. In other words, suppose p is a 
singular point of X^, then there exists 5$ depending on p such that dB(p,5) is connected 
whenever 5 < 5q. 

Suppose not, there is a small 5 such that dB(p, 5) is not connected. Choose x, y in two 
different components of dB(p,5). Let 7 be the shortest geodesic connecting x and y. It 
must pass through p. Suppose Xi,yi,pi G Aj, 73 C Aj satisfy 

Xi x, yi^t y, Pi^-p, 7, -> 7 

where ji is the shortest geodesic connecting Xi,yi. 
For every z £ Xi, we can define 

St{z) = sup{r\(#Sing(B(z,r))) -H+ [ \Rm\T dfi = j-H.} 

JB{z,r) 2 

under the metric <?i(0). Clearly, &(z) = iff z is singular. On 7,, let qi be the point with the 
smallest 3% value and define ri = &{qi). Note that on orbifold Aj, every shortest geodesic 
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connecting two smooth points never pass through orbifold singularity. This implies that 
Ti = &{qi) > 0. Clearly, r, —> 0. Now, we rescale rj to be 1 to obtain new EV-refmed 
sequence {(Xi, qi, gp (t)), — 1 < t < 1} and take limit 

Clearly, x£) contains a straight line passing through q^ which we denote as . After 
rescaling, every unit geodesic ball centered on a point of 7$ contains energy not more than 
7jh. The energy concentration property forces that \Rm\ is uniformly bounded around 

7i- So 700 is a straigt line free of singular point. Detach X& as union of orbifolds. 
Then 700 must stay in one orbifold component. Therefore, there is an orbifold component 
containing a straight line. Then the splitting theorem for Ricci flat orbifolds applies and 
forces that component must be M x N n ~ l . The ALE condition forces that component 
must be Euclidean space. Since x£) contains a Euclidean component. From Step 1, we 
know every singularity cannot stay on smooth component. Therefore, xj^ itself must be 
the Euclidean space. So we actually have convergence 

{(X 4 ,<^ (1) (t)),0 < t < f} ^ {(X£\ qoo ,g£\t)),0 < t < e 2 }- (9) 

This forces that (x£ , <Zooj5oo (£)) is Euclidean space for every t G [0,£ 2 ]. 
Now return to the choice of qi 

{#Sing(B(q l ,r l ))}-h+ [ \Rm\^d^=\k 

JB{ qi ,n) 1 

actually reads f B r q . r .\ \Rm\~2dfj, = \fi. There is a point q[ € B(qi,n) satisfying 

OS = UNM) > ( * ^ ) "'>{-,■ r^r^ " > (=^)% 2 - =0. 



2\o\(B(qi,2ri)) J \A u(m)(2ri) m J y A m oj(m) 

On the other hand, the no-singularity-property of X^ implies Q\ < Cr^ 2 for some uniform 
constant C. Therefore, we have 

5 2 4 ( h )£ < Q'rf < C. (10) 
In particular, Q\ — > 00 and therefore the energy concentration property applies on q[: 

[ \Rm\fdfi>H, V < t < fiQ'i)' 1 - 

Combining this with inequality (|10p implies 

f \Rm\fdfi >h, V0<K ^-rf. 

JB gm { q '.,S-^T i ) C 
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After rescaling, we have 

r ? 2 

The smooth convergence ([9]) implies that the energy of (^c»>5oo (*)) is n °t l ess than h. 
This contradicts to the property that {X^, g!^ (t)) is a Euclidean space! 



Therefore, every singular point of has a unique nontrivial end, i.e., it has tangent 
space ]R n /r for some nontrivial T. So is an orbifold. □ 

Proposition 4.6. Every E-refined sequence is an EV -refined sequence. 

The next thing we need to do is to improve the convergence topology from C 1 '^ to 
C°°. In light of Shi's estimate, the following backward pseudolocality property assures 
this improvement. 

Proposition 4.7. Suppose {(Xi,Xi,gi(t)), —1 < t < 1} is an E-refined sequence satisfying 
\Rm\ g .^ < r~ 2 in B g .^(xi,r) for some r 6 (0, 1). 

Then there is a uniform constant C depending on this sequence such that 
\R m \g(t)(y) < C, whenever (y,t) E P~ (xj, 0, —r, 9£ 2 r 2 ). 

Proof. Without loss of generality, we can assume r = 1. 

Suppose this statement is wrong, there are points (yi,ti) £ P~(xi,0, ^,9£ 2 ) satisfying 
\Rm\ g .u.\(yi) — > oo. According to Proposition 14.51 and Proposition 14.61 we can take limit 

, i 
c ^ 

{X-i i Ui ? Qi \f*i}) ^ (^oo j Voo > ^oo ) 5 

where is a Ricci flat ALE orbifold, y^ is a singular point. 
Claim. B ffj (o)(2/i,£a) c Bg.^y^X^) for large i, where \ m = 1 + 

Actually, let 7 be the shortest geodesic connecting j/j and p £ BgjQ^yt,^) under 
metric <?i(0). By energy concentration property, under metric gi(ti), after deleting (at 
most) iV = [-f-J geodesic balls of radius the remainder set which we denote as f2j has 

3 

uniform Riemannian curvature bounded by Therefore, according to the choice of £ 

(c.f. Proposition 14. 3p . we know \Rm\ is uniformly bounded by 100 Q 0m i £~ 2 on x [ij,0] 
where 

n' i = {xen i \d g . iti) (x,dn i )>^}, [t h o] c Mi + 9£ 2 ]. 

As the change of length is controlled by integration of Ricci curvature over time, we have 
dist gdu) (p,yi) < e~^ length gm ~i + N - 2^ < ( e T5^T +N-2£*)$ < X m ^ , 
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where the last step follows from the choice of £. The Claim is proved. 



Since m £ B gi ^(x h \), according to the choice of f, we have Vol Si ( )(J3 Si (o)(z/i,£^)) > 
|a;(m)^~. On the other hand, C 1 '2-convergence and volume comparison implies 



(X m ^) m (A m ^) m rm l r ^-)l' 

As volume change is controlled by integration of scalar curvature which is tending to zero, 
we know 

lim Vol gt (o)(^(t i )(^,A m g^)) = \ol gi{k) (B gt{ti) (y u X m ^)) < oj(m) < 1 
i -^ D0 (A m ^) m i -^ D0 (A m £5) m ~~ l r (Poo)| ~ 2 

Therefore, for large i, we have 

T i i 3 

-w(m)£f < Vol gi (p)(B g . (0) (yi,£3)) < \ol gm (B g%{u) ( yi , X m ^)) < -cu(m)(X m ) m ^ . 

It implies eum > (1 + iQQ m ) m — AJ^ > | which is impossible! This contradiction establish 
the proof of backward pseudolocality. □ 

Using this backward pseudolocality theorem, we can improve C 1 ' 3 -convergence to C°°- 
convergence. 

Proposition 4.8 (C°°-Weak Compactness of EV-refined Sequence). Suppose that 
{(Xi, Xi, gi(t)), — 1 < t < 1} is an EV-refined sequence, we have 

(Xi,Xi,gi (0)) ^ (Xoo 

where is a Ricci flat ALE orbifold. 

Proposition 4.9. Every refined sequence is an E-refined sequence. 



Proof. Suppose not. Then by delicate selecting of base points and blowup, we can 
find an E'-refined sequence {(Xi, Xi, gi(t)), — 1 < t < 1} under constraint 2 satisfying 
\Rm\ g .(Q)(xi) = 1 and energy concentration fails at (xj,0), i.e., 

r 

%{Sing{B gi(u) {x u 1))) + / \Rrn\^dfi < H 

for some U £ [0, £ 2 ]. This means that, under metric gi(U), B(xi,\) is free of singularity 
and J B ( X . \R1n\~2dfj, < h. The energy concentration property implies that \Rm\ < 4 in 
B(xi, ^) under the metric gi(U). Therefore, by the backward pseudolocality, we have 

\Rm\ g . {t) {x) <4C, V(x,t) G P"(x ^ ,^ ^ ,^e 2 )• 



27 



In particular, \Rm\ g .^(y) < 4C for every y G B g j ti \(xi, |). Based at (xi,t{), we can take 
the smooth limit of P~(xi,t{, |,2£ 2 ) C P~(xi,ti, |£ 2 ), which will be a Ricci flat Ricci 
flow solution. Therefore, 

hm \Rm\g i{u) (xi) = hm \Rm\ g . { ff ) (x i ) = 1. (11) 

On the other hand, the sequence {{Xi, Xj, gi(t)), — 1 < i < 1} is an E'V-refmed sequence 
by Proposition 14.61 the C°°-weak compactness theorem for £V-refined sequence (under 
constraint (2,Kq)) implies 

(JOG 

(Xi, Xi, ()i(ti)) y (^oo > 2-oo j 5oo ) 

for some Ricci flat ALE orbifold X^. Clearly, B(x oa ,l) is free of singularity. So Moser 
iteration of \Rm\ implies that |-Rm|(xoo) < \. It follows that lim \Rm\ gi ^(xi) < — which 



contradicts to equation (|TT|) ! □ 

It follows directly the following theorem. 

Theorem 4.1 (Weak compactness of refined sequence). Suppose {(Xi, Xi, gi(t)), —I < 
t < 1} is a refined sequence. Then we have 

(0)) ^ (Xoo 

for some Ricci flat, ALE orbifold X^ . 

4.3 Applications of Refined Sequences 

After we obtain this smooth weak convergence, we can use refined sequence as a tool to 
study the moduli space 6(m, c, o, k, E ) which is defined at the begining of this section. 
Using the same argument as in we can obtain the following theorems. 



Theorem 4.2 (No Volume Concentration and Weak Compactness). &(m, c, a, k, E) 
satisfies the following two properties. 

• No volume concentration. There is a constant K such that 

Vol g{0) (B g{0) (x,r))<Kr m 
whenever r G (0,K _1 ], x G X, {(X,g(t)),-1 < t < 1} G ff(m,c, a, k, E). 

• Weak compactness. If {(Xi, Xi, gi(t)), — 1 < t < 1} G (J(m,c,o,K,E) for every i, by 
passing to subsequence if necessary, we have 

(Xi,Xi,gi(0)) — > (X,x,g) 

for some C Q -orbifold X in Cheeger-Gromov sense. 
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Theorem 4.3 (Isoperimetric Constants). There is a constant l = i(m,c,a,K,E,D) 
such that the following property holds. 

If{(X, g(t)), -1 < t < 1} e 0(m,c,o-,K,,E) and diam 9 ( ) (X) < D, then 

I(X,g(0))>i. 



Theorem 4.5 of |CW3l ] can be improved as OS(m,cr, k, E,V) — the moduli space of 



compact gradient shrinking Ricci soliton orbifolds — is compact. 

5 Kahler Ricci Flow on Fano Orbifolds 

5.1 Some Estimates 

All the estimates developed under the Kahler Ricci flow on Fano manifolds hold for Fano 
orbifolds. We list the important ones and only give sketch of proofs if the statement is not 
obvious. 



Proposition 5.1 (Perelman, c.f. SeT| ). Suppose {(Y n , g(t)),0 < t < oo} is a Kahler 



Ricci flow solution on Fano orbifold Y n . There are two positive constants B,k depending 
only on this flow such that the following two estimates hold. 

1. Under metric g(t), let R be the scalar curvature, —u be the normalized Ricci potential, 
i.e., 

1 



Then we have 



Ric - L> v ( t) = -V-lddu, — ^ e u w£ (t) = 1. 



H-Rll^o + diamF + ||ii|| c o + ||Vu|| c o < B. 
Vol(B(x, r)) 

2. Under metric g(t), > k for every r G (0, 1), (x,t) G Y x [0,oo). 

Proof. When scalar curvature norm \ R\ is uniformly bounded, the second estimate becomes 
a direct corollary of the general noncollapsing theorem. So we only need to show the first 
estimate. The proof is almost the same as the manifold case. 

First, note that Green's function exists on every compa ct or bifold, and Perelman's 



functional behaves the same as in manifold case. Same as in |SeTj, we can apply Green's 
function and Perelman's functional to obtain a uniform lower bound of u(t) where —u(t) 
is the normalized Ricci potential. 
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Second, since u(t) is uniformly bounded from below, we can find a big constant B such 
that u + 2B > B. Then maximal principle tells us that there is a constant C such that 



u + 2B ' u + 2B 

By the second inequality, we know u is Lipshitz. Therefore, u will be bounded whenever 
diameter is bounded. 

Third, diameter is bounded. Suppose that diameter is unbounded, we can find a 
sequence of annulus A{ = B g u.\(xi, 2 t+2 )\B g ^(xi, 2 % ~ 2 ) such that the following properties 
hold. 

• The closure A4 contains no singular point. 
. Vol 3(ti) (A,)^0. 

• Under metric a(t ) v°i(B(**.2 <+ f)\Bfo,2 < - 2 )) < 2 i0n 
unuei metric g\z t ), v ol ( B ( Xii2 i+i)\B{x i ,2*- 1 )) ^ z ' 

The reason we can do this is that Y contains only finite singularities. Then by taking a 
proper cutoff function whose support is in Ai, we can deduce that Perelman's functional 
/x(<7o, 5) must tend to —00. Impossible! □ 

The following estimates on orbifolds are exactly the same as the corresponding estimates 
on manifolds. 



Proposition 5.2 ( [Zhq | . [Ye]]). {(Y n , g(t)), < t < 00} is a Kahler Ricci flow on Fano 
orbifold Y n . Then there is a uniform Sobolev constant C$ along this flow. In other words, 
for every f G C°°(Y), we have 

(jf |/|^)^ < c s {f Y |V/| 2 ^ + -L jf \ f \*u%y m 



Proposition 5.3 (c.f. [PuJ, |TZ|). {(Y n , g(t)), < t < 00} is a Kahler Ricci flow on 
Fano orbifold Y n . Then there is a uniform weak Poincare constant Cp along this flow. 
Namely, for every nonnegative function f £ C°°(Y), we have 



Proposition 5.4 (c.f. [PSSJ, CW2I ]). By properly choosing initial condition, we have 

\\<P\\c° + l|V£||co < C 
for some constant C independent of time t. 
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Proposition 5.5 ([cwj). There is a constant C such that 



X - J Y (-<p)u>Z < n sup ip - J2 ^ j Y ^ 9 <P A dip Aw'A a;"" 1 " 4 + C. (12) 



Proposition 5.6 (|Ru|, c.f. [CWJ]). {(Y n ,g(t)),0 < t < oo} is a Kahler Ricci flow on 



Fano orbifold Y n . Then the following conditions are equivalent. 

• if is uniformly bounded. 

• sup (p is uniformly bounded from above. 

Y 

• inf ip is uniformly bounded from below. 

• f Y (puj n is uniformly bounded from above. 

• f Y (—(p)uj™ is uniformly bounded from above. 

• is uniformly bounded. 

• Oscyi-p is uniformly bounded. 

5.2 Tamed Condition by Two Functions: F and F 



This subsection is similar to the corresponding part in However, we compare 



different metrics on the line bundle to study the tamedness condition. 
Along the Kahler Ricci Flow , we have 

u<p( t ) = + \/ II idd<p(t), y/-lddtp(t) = uj^t) - Ricoj v(t) 

For simplicity, we omit the subindex t. Let h be the metric on Ky l induced directly by 
the metric on Y, i.e., h = detg^. Let I = e~ v> h. Clearly, we have 

-\/^ld51og \S\] + y/^ldd\og\S\ 2 h = \f-iddy = u v - Ric u 



It follows that -y/^T(9(91og \S\f =u v . 

Definition 5.1. Choose {T^}^ as orthonormal basis of H°(Ky U ) under the metric h u . 
Then 



F(v,x,t) = - log J2Kp\U x )i 

13=0 



0=0 

are well defined functions onY x [0, oo). 

We call the flow is tamed by v if F{y, •, •) is a bounded function on Y x [0, oo). 
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Remark 5.1. If Y is an orbifold, Ky V is a line bundle if and only if v is an integer 
multiple of of Gorenstein index of Y . We call such v as appropriate. In this note, we 
always choose v as appropriate ones. 

Clearly, G = Ae uF — uRe uF . Fix (x,t), by rotating basis, we can always find a section 
T such that 

/ \rp\2 n _ -I uF(v,x,t) _ |/jn|2 / \ 

J I \h"(t) U 'P - X ' e - \ 1 \hv{t)\ x >- 

There also exists a section T' such that 

j y \ T '\l»{t) u v = G(v,x,t) = \VT'\ 2 hv{t) (x). 

Definition 5.2. Choose {5* ^}^ as orthonormal basis of H° \Ky U ) under the metric l v . 
Then 

1 N v 

T(u,x,t) = - log \Sl jl3 \ lu (x), 
/3=0 

g(v,x,t) = ^2\vsiXAx)- 

0=0 

are well defined functions onY x [0, oo). 

Similarly, Q = Ae — nve vj: . Fix (x, i), by rotating basis, there are unit norm sections 
S and S' such that 

J y \S\l {t) ^ = l, e^^ = \S\l {t) (x)- 
j Y \S'\ 2 nt) oj% = 1, G(y,x,t) = \VS'\l {t) {x). 

At point (x,t), we have 

= \S\l (t) = e-^\S\l {t) = e-»> ■ j^T^ n ■ [ \S\l (t) ^ < < e ^e' 

jY\ b \h"(t) u) 'fi Jy 

Similarly, we can do the other way and it follows that 

F -2B < T < F + 2B. 



Therefore, a flow is tamed by v if and only if J-(u, ■,■) is uniformly bounded on Y x [0, oo). 
Ho wever , the calculation under the metric l v is easier in many cases. Some estimates 



m 



CW4j can be improved. 



lr The calculation under the metric V was first suggested to the author by Tian. 
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Lemma 5.1. There is a uniform constant A = A(B,Cs,n) such that 

\S\ lv < Av ^i 



n+l 

\VS\ t « < Av~ , 



(13) 
(14) 



whenever S 6 H°(Y, K y u ) is a unit norm section (under the metric l u ). 



Proof. For simplicity, we omit subindex l u in the proof. Note A„,JS\ = \VS r - nu\S\, 
the proof of inequality (|13j) follows directly the proof of Lemma 3.1 in So we only 

prove inequality (fTl"|) . 

Direct calculation shows that 

A.JV5| 2 = |VVS| 2 - (n + 2)z,|V5| 2 + nu 2 \S\ 2 + 

= |VVS| 2 - [(n + 2)i/ - 1]|V5| 2 + ru/ 2 |S| 2 - (p^SfSj. (15) 

Note that 5^ = —uSg^, integration under measure cj™ implies 



|VV5| 2 = -m/ + [(n + 2)^ - 1] J | VS|' + y 

= nu[(n + — 1] — J LpiSjjSj + nv j (piS^S 
In view of \<p\ < B, Holder inequality implies 

| VVS| 2 < B ({J y |VVS| 2 }5 + nv{J^ |5| 2 }^ |V5| 2 }5 + „„[(„ + l)v - 1] 

= M J | VV5| 2 }5 + + nu[{n + - 1] 

< o / l w5 f + J™^ 2 + (rw/)ijB+ ni/[(n + \)v - 1]. 

2 Jy 2 

It follows that 

y |W5| 2 < cv 2 . 

for some constant C = C(n,B). Combinging with the fact f Y IVVS 1 ) 2 = nv 2 , Sobolev 
inequality implies 



Y 

208-1) 



|V5| 



ra-1 

n-1 



(16) 



Fix f3 > 1, multiplying — |V5| ^ ' to both sides of equation (fT5]) . we have 



/3 2 



Y 



V|V5| 



(nz/ 2 |S| 2 + |VVS| 2 )|VS| 2(/3 ~ 1) + [(n + 2)z/-l] ^ |V5| 



2rf 
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Note that 



Y 



Y 
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)| V5 |2^-i) _ (/3 _ !) J <p ti SjS d (S k3 S ik 



+ s k s- k] )\vs\ 



2(/3-2) 



<v\p-l + n] J <p,iSSj\VS\ 



2(13-1) 



+ Bp / |VV5||V5| 



2/3-1 



Holder inequality and Schwartz inequality yield that 

Bu[/3-l + n]{J ISflVSf^-^iJ \VS\ 2 ^ 
+ Bp{j \VVS\ 2 \VS\ 2 ^- X) }^{J \VS\ 2 ^ 
<nv 2 ({J \S\ 2 \VS\ 2(I3 ~ 1] } + {J |VVS| 2 |VS| 2( ^ _1) } 

If P > ^rji combining previous three inequalities implies 



r 



V\VSf < C/3((3 2 + v) I |V5| 

Y 



2J 



In light of Sobolev inequality, we have 

71-1 

Uivsf'^) " ^ Csijjvivs^ + J^\VS\ 20 } < CP{(3 2 + v) j^\vs\ w . 

Let ko be the number such that X 2k ° >v> A 2 ^" 0-1 ) where A = we have 
Iteration implies 



\^ ( Cf3 3 if /5 > A fc °, 
(CV)/3 if /5<A fc °. 



|||v5| 2 |L 00 <c5:r =1 A- fc A Er= 1 ^- fc |||v5| 



|||VS| 2 |I Afe0 <(Cv)Zil^- k \\\vS\ 



I^A fe ) 



Since ^ fc < ^ fc = n — 1, combining these inequalities with inequality ([16 

gives us 



ll|VS| 2 |U <CV 



n+l 



This proves inequality (|Mj) . 



□ 
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Similarly, by sharpening the constants in Lemma 3.2 of CW41 ]. we obtain 
Lemma 5.2. There is a uniform constant A = A{B,Cs,n) such that 

n 

\S\h» < 

n+l 

|V%„ < Av~ , 

whenever S £ H°(Y, Ky U ) is a unit norm section (under the metric h v ). 

Lemma 15. II and Lemma 15.21 clearly implies the following estimates. 

Corollary 5.1. There is a uniform constant A = A(B,Cs,n) such that 

, , logA + nlogz/ 
maxjy-,^} < , 

max{C?,G} < Au n+1 . 

Proposition 5.7. Along the flow, J- satisfies 
8 



(17) 
(18) 



A J" = -n+(le-^g -u\VT\ 2 ) > -n, 



UF 



n 



- u\VJ 



F satisfies 



dt 
AF 

DF 



d-F = (n - i?) - (1 + i) f Y (n — R)e uF uj™, 
-R + {\e- uF G - v\VF\ 2 ) > -R, 



Proof. At t = to, suppose {Sp}^= are orthonormal holomorphic sections of H°(Y, Ky 1 ) 

under the metric l v (to). Assume {a a p(t)Sp}^l. are orthonormal holomorphic sections at 
time t under the metric l v (t). By these uniformization condition, we have 



In particular, at t = to, using sum convention we have 

= a ai + S 7Q + J {-v(p + A0)(S , a ,S , 7 )w^, 







t=t 



0_ 

Of 



t=t 



UafiiSp, S a ) + a ai (S a , Sry) + (—u<p)(S a , S a ). 
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Fix x G Y, at t = to, there is a unit norm section 5 such that |5|^(x) = e ujr . Let So = S, 
then we have 



dt 



^(aoo + Soo - ^) = e uT { / - Atp^u" - v<p) 



t=t 

On the other hand, 

Ae vT = (VS a ,VS a ) - nu(S a , S a ) = Q - nve vT . 

It follows that 

- A)e^ = e^{j^ - Atfe^ + v(n - <p)} - Q. 

Similarly, we can have 




at 



{^-(, + 1)^^} 

= e vF {u(n-R)- (y + l) J (n-R)e vF u$}, 
Ae" F = G - uRe uF , 

Ue vF = e vF {nv - {v + 1) J (n - R)e vF u%} - G. 

From the evolution equation of e vF and e uF ', we can easily obtain the evolution equation 
of T and F. □ 

Remark 5.2. The advantage of F appears when the evolution equation is calculated. 
Every term in ^ is a geometric quantity. Suppose that J °° j Y (R ~ n)-UJ™dt < oo and 
/ °°(i? max (t) — n)dt < oo, then F must be bounded from below and the flow is tamed. 

When we consider the convergence of metric space, the smooth convergence of gq will 
automatically induce the smooth convergence of h u = det(g i j) v . Therefore, we prefer to 
use h v as the more natural metric of Ky V under the Kahler Ricci flow . 

Since Hormarnder's estimate hold in the orbifold case. The bound in Lemma f5 . 2 1 implies 
the convergence of plurianticanonical sections when the underlying orbifolds converge. 

Proposition 5.8. Suppose Y is a Fano orbifold, {(Y, g(t)),0 <t< oo} is a Kahler Ricci 

flow without volume concentration. Let ti be a sequence of time such that (Y,g(ti)) — > 
(Y,g) for some Q-Fano normal variety (Y,g). Then for any fixed positive integer v (ap- 
propriate for both Y and Y ), the following properties hold. 

1. If Si £ H°(Y, Ky U ) and j Y (t^u^n \ = 1, then by taking subsequence if neces- 



sary, we have S 6 H°(Y, K^. u ) such that 



Si ^ S, 



S 



2 



1. 
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A A 2 

If S € H (Y, K~ u ) and j Y S „ a) n = 1, £/ien i/iere is a subsequence of sections 



Y 

Si G H°(Yi, Ky U ) satisfying 



h" 



Using this property, we can justify the tamedness condition by weak compactness ex- 



actly as Theorem 3.2 of [CW4|. 



Theorem 5.1. Suppose Y is a Fano orbifold, {(Y, g(t)), < t < oo} is a Kahler Ricci 
flow without volume concentration. Suppose this flow satisfies weak compactness, i.e., for 
every sequence ti — > oo, by passing to subsequence, we have 

(Y,g(U))^(Y,g), 

where (Y,g) is a Q-Fano normal variety. 

Then this flow is tamed by a big constant v. 

As mentioned in the introduction. Suppose Y is an orbifold Fano surface, {(Y, g(t)), < 
t < oo} is a Kahler Ricci flow solution. Then this flow has no volume concentration and 
satisfies weak compactness theorem. Under the help of Perelman's functional, every weak 
limit (Y,g) must satisfy Kahler Ricci soliton equation on its smooth part. On the other 
hand, the soliton potential function has uniform C 1 -norm bound since it is the smooth 
limit of —ip{ti). Therefore Uhlenbeck's removing singularity method applies and we obtain 
(Y, g) is a smooth orbifold which can be embedded into CP^" by line bundle K^ v for some 



big v(c.f. [BailyJ]). Then the following Theorem from 15. 11 directly. 



Theorem 5.2. Suppose Y is an orbifold Fano surface, {(Y, g(t)),0 <t< oo} is a Kahler 
Ricci flow solution. Then there is a big constant v such that this flow is tamed by v. 

5.3 Properties of Tamed Flow 



Follow [Tian9ll ]. we define 

Definition 5.3. Let £Pq u k(Y,uj) be the collection of all G-invariant functions of form 
j k-l 

— log(^ 1 1^/3 H^), where S v ^ G H°(Ky U ) satisfies 



0=0 



j^{S a ,S p ) h ^ n = 5 a p, 0<a,p< fc - 1 < dim^y") - 1; h = detg u 



Define 



a G,u,k — sup{a| sup / e 2aip ui n < oo}. 

</>6^ G>M ,fe JY 

If G is trivial, we denote a v ^ as ac,u,k, denote £?{v,k) as &(G,v,k). 
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The next definition follows DK |. 



Definition 5.4. Let Y be a complex orbifold and f is a plurisubharmonic function and 
f £ L 1 (Y). For any compact set K C Y, define 

olkU) = sup{c > : e~ 2c f is L 1 on a neighborhood of K}, 

This ax(f) is called the complex singularity exponent of f on K. 

If / G ^(u, k) and a < a U) k, we have f Y e~ 2a f < oo by definition. Since the set ^(v, k) 
is compact in L x (y )-topology (actually in C°° topology). By the semicontinuity property 
proved in (dk|, we see there is a uniform constant C a ^ u ± such that 



JY 



Suppose the flow is tamed by v. By rotating basis, we can choose {S^^}al Q and 

{<§* «}a^. as orthonormal basis of H°(Ky U ) under the metric h"(t) and h u (0) respectively, 
and they satisfies 

Slj = a(t)X fi (t)St tP , < Ao(t) < Xi(t) <---<X Nv (t) = 1. 

As in CWJ], we have the partial C°-estimate 



1 I 

sup ip log V IXptyS., 

Y V — I 



/3=0 



< c. 



This yields 



-a(tp-Bup Y v),,,n 



Y 



oo" < e 



< e 




(3=0 




N v -k+l 



< e C a ^ t kX N J_ k+1 . 

Plug in the equation tp = log + p + and note that (/?, it^ are bounded, we have 

e (i- Q)¥ >+asup^n < C '(a,v,k)X~f_ k+1 
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The convexity of exponential function implies 

1 f 2ck 

(l-a)— (poo™ + a sup p < C"(a, u, k) log Ajv„-fc+i- (19) 

V J Y y v 

whenever a < a Ui k- Using this estimate, we can obtain the following two convergence 
theorems as in CW4I ]. 

Theorem 5.3. Suppose {(Y n , g(t)), < t < oo} is a Kahler Ricci flow tamed by v. If 
a v,i > (n+i) ' then p is uniformly bounded along this flow. In particular, this flow converges 
to a KE metric exponentially fast. 



Proof. Choose a G (^xj, ct Vj i). Put k = 1 into inequality (fT9j) . we have 

( 1-q )t7/ <PUw + <*8up<p <C(a,v). 
v Jy y 

Together with y f Y (—p)oj™ < nsupy tp + C, it implies 



{a — n(l — a)} sup ip < C. 

Y 

As a > a U) i > ^pj, we have a — n(l — a) > 0, this yields that supp is uniformly bounded 
from above. Therefore, ip is uniformly bounded. □ 

Theorem 5.4. Suppose {(Y n ,g(t)),0 < t < oo} is a Kahler Ricci flow tamed by v. If 
a u,2 > t^py & n d ol V) \ > — , then ip is uniformly bounded along this flow. In 

particular, this flow converges to a KE metric exponentially fast. 

Proof. We argue by contradiction. Suppose that ip is not uniformly bounded. 

Then there must be a sequence of ij such that sxvpp{ti) — > oo. We claim that 

Y 

\N„-i(ti) — > 0. Otherwise, log Aa^-i^) is uniformly bounded. Choose a S (;^pi , a^)- 
Combining y j Y (—ip)uj™ < nsupy p + C and the inequality (JX9|) in the case k = 1, the 
same argument as in the proof of Theorem 15.31 implies that sup ip(ti) is uniformly bounded. 

Y 

This contradicts to our assumption! 

Note that ]R-coefficient Poincare duality holds on orbifold, singularities on Y are isolated 
which can be include d in sma ll geodesic balls with few contribution to integration. Since 
Xn u -i(U) 0, as in [Tjan91[, for every small 5 > 0, we have 

]- f V^ldX ti A BX U A u™- 1 > -Q—H bg A^-ifa) - C 
v j Y v 
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1 Nv 

for large i. Here X u = -log^ YX^tj)^ 



13=0 

subindex ij from now on. It follows that 

n-l . 

E 3 



For notation simplicity, we omit the 



y 



> 



> 



V 

j=0 
n — 1 

~V~ J- 
n — 1 



A5(^ Aw* AwJ 1 j 
Adip A dip A a;"" 1 

Tax a ax a w"- 1 - c 



Y 



>-{l-S)- f?LJl -logA^-i-C. 
v 

Plug this into inequality (|19|) in the case /c = 1, we arrive 



1 /" 1 

y Jy y 1-8 {n-1) 



n-l 

la \ -« z 



-iac/9 a a^ aw'a uj™~ 1 ~ i . 



Combining it with 
1 



V 



n-l 



< nsupv9- J^ — 



i=0 



-ldcp A dip Aw* Aw 



n-l-i + c 



(20) 



we have 



where A 



{2Aa - (1 - a)) — [ (-(p)u^ < a(2An - 1) sup ip + C. 
v Jy y 

(n-i){\-8) • Combining this with the estimate (|19|) for k = 1 implies 



(2Aa - (1 - a)) I jf < (2An - l)asup p + C < (2An -1)^(1-/3)1 jT (-^ + C. 



where (3 is any number less that a. v% \, A = ^ n _ 1 ^ 1 _^ ■ Therefore, we have 
{{2A + 1- ^(2nA - l))a - 1}1 jf (-y>K < C. 



(21) 



If a v i > 



— ^pi^ — , then we can find ft a little bit less than a V) i t a a little bit less 

(n-i)a„ 2 

than a Ut 2, A a little bit greater than — ^-j such that 

(2A + 1- ^—^-{2nA - 1))q - 1 > 0. 

Recall our subindex t{ in inequality (j2Tj) . we have y f Y (—ip ti )u™ t is uniformly bounded 

from above. This implies that sup <pt. is uniformly bounded. Contradiction! □ 

Y 
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6 Some Applications and Examples 



The following theorem is a direct corollary of Theorem 15 .21 Theorem 15.31 and Theorem 15.41 

Theorem 6.1. Suppose that Y is an orbifold Fano surface such that one of the following 
two conditions holds for every large integer v, 

• > §. 

• &v,2 > §, OL V ,l > 2 1 i • 

3c V,2 

Then Y admits a KE metric. 

There are a lot of orbifold Fano surfaces where Theorem 16.11 can be applied. For 
simplicity, we only consider the good case: every singularity is a rational double point. 
This kind of orbifolds are called Gorenstein log del Pezzo surfaces. 

Let's first recall some definitions. 

Definition 6.1. Suppose that X is a normal variety and D = ^ dj-Dj is a Q-cartier 
divisor on X such that Kx + D is Q-cartier and let f :Y — >■ X be a birational morphism, 
where Y is normal. We can write 

K Y ~q f(K x +D) + Y, <X, D, E)E. 

The discrepancy of the log pair (X, D) is the number 

discrep(X, D) = inf{a(X, D, E)\E is exceptional divisor overX}. 

E 

The total discrepancy of the log pair (X, D) is the number 

totaldiscrep(X, D) = m£{a(X, D, E)\E is divisor overX}. 

E 

We say that the log pair Kx + D is 

• Kawamata log terminal (or log terminal) if and only if totaldiscrep(X, D) > — 1. 

• log canonical iff discrep(X, D) > — 1. 

Assume now that X is a variety with log terminal singularities, let Z C X be a closed 
subvariety and let D be an effective Q-Cartier divisor on X. Then the number 

lctz(X, D) = sup{A G Q|the log pair (X, XD) is log canonical along Z}. 

Let x be a point in X, f be a local defining holomorphic function of divisor D around x, 
then we have 

lct x (X,D) = Ox (log/) 

where a x (logf) is the singularity exponent of plurisubharmonic function log/ around 
point x. (c.f. definition I5.4p . 



41 



Definition 6.2. 

lct v {X) = inf{lct(X, —D)\D effective Q-divisor on X such that D G | — uKx\}- 
The global log canonical threshold of X is the number 

lct(X) = inf{lct(X, D)\D effective divisor of X such that D ~q —Kx}- 

It's not hard to see lct„(X) = a Vi i. According to the proof of Demailly (c.f. ChS| . SY]| ). 
we know 

a(X) = lct(X) = lim lct u (X) = lim a v \. 

v— >oo v— >oo ' 

Therefore, we have 

oo = a Ut N v +i >•••> a u ,3 > ol Ui 2 > a v> i{X) = lct u (X) > lct(X) = a(X). 

The calculation of a U: k is itself a very interesting problem (c.f. SYll ]. ChS |). Here we 
will use some results calculated in [KostaJ. 

Lemma 6.1 ( Kostal ]). Let Y be a Gorenstein log del Pezzo surface, every singularity of 
Y is of type Suppose Y satisfies one of the following conditions. 

• Y has only singularities of type A\ or A 2 and K Y = 1. | — Ky\ has a cuspidal curve 
C such that Sing(C) contains an A2 singularity. 

-2 



Y has one singularity of type A5 and K Y = 1. 

-2 



Y has one singularity of type Ag and Ky = 1. 



Then q„i > 5 and a V 2 > I ■ 



Proof. The proof argues case by case and the main ingredients are contained in Kosta ] 
already. For simplicity, we only give a sketch proof of the second case. 

If / G ^(u, 1) and a x (f) < |, one can show that / = ^log|<S|^g for some 5 G 
H°(Ky U ). Moreover, x is the unique singularity of type A5 and S = (S') v for some 
S' G H°(Ky )• Z(S') is the unique divisor passing through x such that lct x (Y, Z(S')) = §. 

For every <p G ^(u, 2), we have e 2uip = e 2uipi + e 2 ^ 2 where 



^log|5 r i|^g, (p 2 = ilog|5 2 |^; J{Si,S 2 )h^o = 0. 
Clearly, for every point y G V, we have 



2 

> m&x{a y ((pi), a y ((p 2 )} > -. 



Since a^^i), a^^) can om y achieve finite possible values, we have 

inf a y ((p) > -. 



By the compactness of Y and the semicontinuity property proved in DK(, we have the 
2 



inequality a v 2 > I • D 
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Therefore, Theorem 16.11 applies and we kn ow KE metrics exist on such orbi folds Y in 
Lemma 16. 11 Together with Theorem 1.6 of Kostal ] and Theorem 5.1 of [SY|, we have 
proved the following theorem. 



Theorem 6.2. Suppose Y is a cubic surface with only one ordinary double point, or Y 
is a degree 1 del Pezzo surface having only Du Val singularities of type A*, for k < 6. 
Starting from any metric u satisfying [u] = 2ttc\(Y), the Kahler Ricci flow will converge 
to a KE metric onY . In particular, Y admits a KE metric. 

Remark 6.1. If we consider ac )V ,k instead of a v ^ for some finite group G C Aut(Y), it's 
still possible to study the existence of KE metrics on degree 1 Gorenstein log Del Pezzo 
surfaces with A7 or As singularities. 
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